On a-Invariant Formulas  by Herrmann, Manfred et al.
Ž .Journal of Algebra 227, 254]267 2000
doi:10.1006rjabr.1999.8236, available online at http:rrwww.idealibrary.com on
On a-Invariant Formulas
Manfred Herrmann1
Mathematisches Institut der Uni¤ersitat zu Koln, Weyertal 86]90,¨ ¨
50931 Cologne, Germany
Eero Hyry
National Defence College, Santahamina, 00860 Helsinki, Finland
E-mail: eero.hyry@helsinki.fi
and
Thomas Korb
Mathematisches Institut der Uni¤ersitat zu Koln, Weyertal 86]90,¨ ¨
50931 Cologne, Germany
E-mail: korb@netcologne.de
Communicated by Craig Huneke
Received February 2, 1999
Ž .Let G I be the form ring of an ideal I of positive height in a local ring A. In
Ž .this work we will provide formulas for the a-invariant of G I . Our main result will
Ž .only need the assumption that A is Cohen]Macaulay and that G I fulfills Serre’s
Ž .condition S where l is the analytic spread of I. As a consequence of our formulal
we will prove upper bounds for the reduction exponent of I in the case that A is a
Ž . Ž .regular local ring. If G I fulfills Serre’s condition S , then this upper bound isl
Ž .l y 1. And in the case that G I is even Gorenstein, it is l y 2. Q 2000 Academic
Press
1. INTRODUCTION
Ž . < <Let A, m be a local ring of dimension d with Arm s ‘ and let
I ; A be an ideal of positive height. In the past few years, many papers
have been concerned with the question how the Cohen]Macaulay and
1 Shortly after the final version of this paper had been finished, Professor Manfred
Herrmann passed away on November 15, 1997.
254
0021-8693r00 $35.00
Copyright Q 2000 by Academic Press
All rights of reproduction in any form reserved.
ON a-INVARIANT FORMULAS 255
Ž . nGorenstein property of the blow-up algebras R I [ [ I andA nG 0
Ž . n nq1G I [ [ I rI }the Rees algebra and the form ring of A withA nG 0
respect to I}are related? It finally turned out that the so-called a-in-
w xvariant of the form ring as introduced by Goto and Watanabe in GW is
Ž w x w x.the key to the solution of this problem see TI and Ik . This invariant
can be defined as the highest non-vanishing homogeneous degree of the
dth local cohomology module of the form ring with respect to its maximal
homogeneous ideal. So it was natural to look for formulas describing the
a-invariant of the form ring in terms of other invariants of I in A. Goto
w xand Shimoda observed in GS that this a-invariant is related to the
Ž . w xreduction exponent r I of I. Recall from NR that an ideal J : I is
called a minimal reduction of I if JI n s I nq1 for some integer n and J is
minimal w.r.t. inclusion among all ideals having this property. The reduc-
Ž .tion exponent of I w.r.t. J, which is denoted by r I , is defined to be theJ
minimal integer n such that JI n s I nq1 holds. Finally, the reduction
Ž .  Ž .exponent of I is the number r I [ min r I N J is a minimal reductionJ
4 w x Ž .of I . For m-primary ideals I, Trung showed in Tr1 that a s r I y d if
Ž .G I is Cohen]Macaulay. An interesting approach to find a generalA
w xa-invariant formula stems from Goto and Huckaba. In GH they give an
a-invariant formula for form rings of ideals of analytic deviation one in the
Ž .case that G I is Cohen]Macaulay and I is generically a completeA
Ž .intersection. Denoting the analytic spread of I by l I [
Ž Ž . Ž .. Ž . Ž . Ž .dim G I rmG I , their formula is a s r I y l I if r I ) 0 andA A
Ž . Ž .a s yht I if r I s 0. Goto and Nakamura then showed a similar
w xformula for ideals of analytic deviation two in GNa . But attempts to
generalize these results step by step to ideals of higher analytic deviation
did not work out. In the last years, many a-invariant formulas were proven
Ž w x.which hold in special situations see e.g. Tr2, Ta, AHT, SUV, GNN .
In the present work we will first prove a general a-invariant formula for
Žstandard graded algebras. In the case of the form ring it states see
.Theorem 3.6
a s max r I y l I , d G I 4Ž . Ž . Ž .Ž .A
Ž .under the assumption that A is Cohen]Macaulay and that G I fulfillsA
Ž . Ž Ž .. ŽSerre’s condition S only. Here, d G I see Definition 3.3 andlŽ I . A
.Remark 3.4 is an invariant which was introduced in the thesis of the third
Ž w x.author see Ko where the above formula was observed under the
Ž .assumption that G I is Cohen]Macaulay. Combining our formula withA
w xthe result of Lipman in Li will show that the reduction exponent of an
Ž .ideal I in a regular local ring A whose form ring G I fulfills Serre’sA
Ž . Ž . Ž .condition S is bounded above by l I y 1 see Theorem 5.1 . ThislŽ I .
w xextends results from AHT where ideals of analytic deviation one and two
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in regular local rings containing a field were considered. In the case that
Ž . Ž .G I is Gorenstein and ht I ) 1 we can even prove that this upperA
Ž .bound can be decreased by one see Theorem 5.2 .
Finally, we make use of the above formula to describe the a-invariant of
the form ring in terms of reduction exponents and analytic spreads of
Ž .localizations of I at finitely many prime ideals only see Theorem 4.5 .
Ž .If A is quasi-unmixed and G I is Cohen]Macaulay for all p g P [A p
 Ž Ž ..4P l A N P g Ass G I , then the statement is as follows:A
a s max r I y l I N p g P . 4Ž . Ž .p p
Ž .In the case that G I is unmixed it turns out that P is exactly the set ofA
Ž .asymptotic primes of I see Proposition 4.6 . This will also show that our
Žlocal a-invariant formula extends an a-invariant formula of Ulrich see
w Ž .x.U1, Thm. 1.4 a and that the so-called generalized Goto]Shimoda theo-
Ž w x.rem see GS, AHT, Thm. 5.1, JK, Thm. 2.3 follows from it.
2. PRELIMINARIES
All rings in this work will be Noetherian and all local rings are assumed
to have an infinite residue field. By a standard graded algebra S defined
Ž .over a local ring S , m we will always mean a positively graded algebra0
w xS s [ S such that S s S S . We denote the irrele¤ant ideal and then 0 1nG 0
maximal homogeneous ideal of S by S and M , respectively, i.e., S [q q
[ S and M [ m [S .n qn) 0
Let J ; S be a homogeneous ideal of S and let M be a finitely
generated graded S-module. Denoting the graded local cohomology mod-
i Ž .ules of M w.r.t. J by H M , the so-called a-in¤ariant of M with respectJ
to J is defined as
i ia M [ sup n g Z N H M / 0 .Ž . Ž .½ 5J J n
i Ž .In the case that J = S it is well known that a M - ‘. And if dq J
Ž . d Ž .denotes the dimension of S, then a S [ a S is the classical a-invariantM
w xof S as introduced by Goto and Watanabe in GW . We will write v forS
the canonical module of S. If it exists, then it is clear that the first
Ž .non-vanishing homogeneous component of v lives in degree ya S .S
Ž w x.The following lemma is well known see e.g. GNi, 2.10, p. 85 and will
be used several times in this work.
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LEMMA 2.1. Suppose that S has a canonical module v . ThenS
v s v for all p g Supp v .Ž . Ž .pS S S Sp 0
Remark 2.2. If S is quasi-unmixed, then the statement of the above
Ž . Ž .lemma holds for all p g Spec S . To see this, let p g Spec S and put0 0
ŽŽ . . Ž . Ž .P [ p [ S . Since v s v , we see that p g Supp v if andq S p PS S P S Sp 0
Ž . w x Ž . Ž .only if P g Supp v . Now recall from Ao, 1.7 that Supp v s Spec SS S S
if S is quasi-unmixed.
LEMMA 2.3. Suppose that S is quasi-unmixed. Then
a S F a S for all p g Spec S .Ž . Ž .Ž .p 0
Proof. Observe first that we may assume S to be complete. Thus we0
see from Lemma 2.1 together with Remark 2.2 that we have for all n g Z
w x w xv s v for all p g Spec S .Ž .Ž . pS S 0n p n
Since the negative value of the a-invariant describes the first non-vanish-
ing homogeneous degree of the canonical module, this finishes the proof.
We will need the following result which was obtained by Johnston and
Ž w x. Ž .Katz see JK, Prop. 2.1 . Let p g Spec S . We will use the notation0
Ž .M p for the maximal homogeneous ideal of S .p
i Ž .PROPOSITION 2.4. Let n be an integer. Suppose that a S F n for allM Žp . p
Ž . i Ž .p g Spec S and all i g Z. Then a S F n for all i g Z and any homoge-0 J
neous ideal J ; S containing S .q
w x w xThe next lemma is a combination of Ko, Lem. 5.4 and KN, Lem. 3.1
Ž w x w x .and generalizes a result of Marley see Ma and KN for the proof . It
Ž .shows a special property of the a-invariants of the form ring G [ G I ofA
an ideal I in a local ring A of dimension d. The lemma will be used in the
proof of our main theorem 3.6 and shows the difference between arbitrary
standard graded algebras S and the form ring G. We denote the maximal
homogeneous ideal of G by N.
LEMMA 2.5. Suppose that one of the following two conditions holds:
Ž . Ž . Ž . Ž .a ht I ) 0 and depth A ) depth G .
Ž . Ž .b l I ) 0 and A is Cohen]Macaulay.
Ž . g Ž . gq1Ž .Then, if g [ depth G - d, we ha¤e a G - a G .N N
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We will now recall how the reduction exponent of the irrelevant ideal
S of a standard graded algebra S is defined. As in the local case, letq
Ž . Ž .l S [ dim [ S rmS be the analytic spread of S . An idealq n n qnG 0
Z ; S generated by 1-forms such that Z s S holds for some positiven n
integer n and which is minimal w.r.t. inclusion among all such ideals
having this property is called a minimal reduction of S . As in the localq
case one can show that minimal reductions always exist and that they are
Ž .minimally generated by l S elements if S has an infinite residue field.q 0
If Z ; S is a minimal reduction of S , then we call the minimal number nq
Ž .for which Z s S the reduction exponent r S of S w.r.t. Z.nq1 nq1 Z q q
Let A be a local ring and let J : I ; A be ideals. We will now consider
Ž .the above notions in the important case that S is the form ring G I of AA
with respect to I. Suppose that J is generated by elements x , . . . , x g A1 n
Ž . Uand put Z [ z , . . . , z where z [ x denotes the initial form of x in1 n i i i
Ž .G [ G I . Then J is a minimal reduction of I if and only if Z is aA
Ž . Ž . Ž . Ž .minimal reduction of G . And we have r I s r G and l I s l G .q J Z q q
Recall that for a finitely generated graded S-module M the number
Ž .  i Ž . 4reg M [ max a M q i is called the Castelnuo¤o]Mumford regu-S ig Zq
Ž .larity of M or sometimes: Castelnuo¤o’s index of regularity of M . The
following relation between the reduction exponent of the irrelevant ideal
Ž wof S and its Castelnuovo]Mumford regularity is due to Trung see Tr1,
x. Ž w x.Prop. 3.2 and was also observed by Schenzel see Sch, Prop. 3.2 .
Ž .PROPOSITION 2.6. Let Z be a minimal reduction of S . We put l [ l S .q q
Then the following relation holds:
al S q l F r S F reg S .Ž . Ž . Ž .S Z qq
3. AN a-INVARIANT FORMULA FOR STANDARD
GRADED ALGEBRAS
Throughout this section let S be a standard graded algebra of dimension
Ž .d defined over a local ring S , m . We denote the maximal homogeneous0
ideal of S by M.
LEMMA 3.1. We always ha¤e
a S F max ai S .Ž . Ž . 4S Ž .is0, . . . , l Sq q
And if S is Cohen]Macaulay, then equality holds.
Ž .  i Ž . 4Remark 3.2. It is easy to see that l S s max i g Z N H S / 0q Sq
Ž w x. isee, e.g. Ko, Rem. 4.27 . Therefore all relevant a -invariants of SSq
appear in the above lemma.
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Equality holds in the above lemma under even weaker assumptions as
we will see in the proof of Theorem 3.6.
Proof of Lemma 3.1. From the spectral sequences
p q p q pqqE s H H S « H SŽ . Ž .ž /2 m S M nq n p
Ž .  i Ž .4we deduce immediately that a S F max a S . To see theS is0, . . . , lŽS .q q
other inequality, observe first that the a-invariant does not increase upon
Ž .localization at primes in Spec S by Lemma 2.3. Now the remaining0
inequality easily follows from Proposition 2.4 since S is Cohen]Macaulay.
w xThe next lemma is Ko, Lem. 4.39 . We need the following definition for
its formulation and our a-invariant formula.
DEFINITION 3.3. We put
d S [ max ai S .Ž . Ž . 4S Ž .is0, . . . , l S y1q q
Ž .Remark 3.4. Let Z s z , . . . , z be a minimal reduction of S , where1 l q
Ž .l [ l S . It is well known that the z can be chosen to form a filter-regu-q i
w x Ž .lar sequence. In Ko , d S is introduced as the minimal integer such that
z , . . . , z : z s z , . . . , zŽ . Ž .1 iy1 S i 1 iy1n n
Ž . Ž .holds for i s 1, . . . , l and n G i q d S . For this reason, d S is called the
Ž . w xminimal index-regularity in Ko . It coincides with the so-called sliding
Ž w x w x.regularity of Aberbach, Huneke and Trung see AHT, Def. 2.5 and Tr2 .
Ž .That our above definition of d S is equivalent to the one given in
w xDefinition 3.3 is shown in Ko, Lem. 4.33 .
Ž .Suppose now that S s G I where A is a local ring and I ; A is anA
ideal of positive height. We know already that we can find elements
Ž .x g A such that x , . . . , x is a minimal reduction of I and that the z arei 1 l i
Ž . w xthe initial forms of the x in G I . As in the proof of HHK, Lem. 2.12i A
Ž Ž ..one can see that d G I can be characterized as the minimal integerA
satisfying the conditions
Ž . Ž . n nq2 Ž . nq1a x , . . . , x I l I s x , . . . , x I1 i 1 i
Ž . ŽŽ . n . n Ž . ny1b x , . . . , x I : x l I s x , . . . , x I1 iy1 i 1 iy1
Ž Ž ..for i s 1, . . . , l and n G i q d G I .A
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LEMMA 3.5. Let Z be a minimal reduction of S . Thenq
max r S y l S , d S s max ai S . 4Ž . Ž . Ž . Ž . 4Z q q S Ž .is0, . . . , l Sq q
Ž . Ž . Ž . i Ž .Proof. We put r [ r S , l [ l S , d [ d S , and a [ a S .Z q q i Sq
 4Suppose first that a ) d . This means that a s max a . Thereforel l i is0, . . . , l
we have to show in this case that r y l s a . But this follows directly froml
 4Proposition 2.6 since we have a q l G max a q i by the above.l i is0, . . . , l
Suppose now that a F d . Then it is enough to show that r y l F d .l
Assume the contrary, i.e., assume that r ) d q l. Then we get
 4  4r ) max a q l ) max a q i .i iis0, . . . , ly1 is0, . . . , ly1
Using Proposition 2.6 again, we deduce from this that r s a q l. But thisl
means by our assumption that a ) d , which is a contradiction.l
We are now prepared to give the announced a-invariant formula.
THEOREM 3.6. Suppose that S is quasi-unmixed and that S fulfills Serre’s0
Ž . Ž .condition S where l S ) 0. Then we ha¤e the formula for thelŽS .q1 qq
a-in¤ariant of S,
a S s max r S y l S , d S , 4Ž . Ž . Ž . Ž .Z q q
Ž .where Z is any minimal reduction of S . In the case that S s G I where Aq A
is a Cohen]Macaulay local ring and I ; A an ideal of positi¤e height the same
Ž .formula holds under the Serre condition S only, i.e.,lŽ I .
a G I s max r I y l I , d G I , 4Ž . Ž . Ž . Ž .Ž . Ž .A J A
where J is any minimal reduction of I.
Proof. Observe first that if S is Cohen]Macaulay, we only have to
combine Lemma 3.1 and Lemma 3.5 to see the assertion of the theorem.
Ž .  i Ž .4By Lemma 3.1 we have a S F max a S . Recalling LemmaS is0, . . . , lŽS .q q
3.5 again it is therefore enough to show that also
a S G max ai SŽ . Ž . 4S Ž .is0, . . . , l Sq q
holds. To see this we will prove the following more general claim,
ai S F a S for all i g Z and all p g Spec S ,Ž .Ž . Ž .ŽS . p p 0p q
Ž . ŽŽ . . Ž . Ž .by induction on ht p . Note that l S F l S . If ht p s 0, thenp q q
ŽŽ . . Ž .l S s dim S and thus S is Cohen]Macaulay, because of the Serrep q p p
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Ž .condition which we assume. Now let ht p ) 0. By induction we have
ai S F a S for all i g Z and all p > q g Spec S .Ž .Ž . Ž .ŽS . q q 0q q
Ž . Ž Ž .Observe that S satisfies Serre’s condition S resp. S inp lŽŽS . .q1 lŽŽS . .p q p q
.the case of the form ring . Changing the notation we may assume that
p s m. Then we have
ai S F a S for all i g Z and all m / p g Spec S . 1Ž . Ž .Ž . Ž .ŽS . p p 0p q
Ž . w xNow choose n ) a S . From HIO, Thm. 18.17, Lem. 48.30 we see that
the property of being quasi-unmixed passes from S to S since S fulfills0
Ž .Serre’s condition S . Therefore we may apply Lemma 2.3 to see that2
Ž . Ž . Ž . Ž .a S F a S for all p g Spec S . Using this we obtain from 1 thatp 0
Žw i Ž .x . Ž .H S s 0 for all i g Z and m / p g Spec S . The S -moduleS n p 0 0qw i Ž .x Ž w x.H S is well known to be finitely generated see EGA, Prop. 2.2.2 .S nq w i Ž .xThus H S is of finite length and therefore the spectral sequenceS nq
p q p q pqqE s H H S « H SŽ . Ž .ž /2 m S M nq n p
degenerates showing that
i iH S s H S for all i g Z and all n ) a S . 2Ž . Ž . Ž . Ž .S M nq n
Ž . w i Ž .x Ž .If S fulfills Serre’s condition S , then H S s 0 for i F l S .lŽS .q1 M n qq
Ž .Because of this the claim follows from 2 .
Ž .Consider now the situation where S s G [ G I and G fulfills Serre’sA
Ž . Ž . Ž .condition S only, where l [ l I s l G . Denote the maximal homoge-l q
Ž .neous ideal of G by N. We may assume that depth G s l and that
Ž . Ž . Ž .l - dim G otherwise the above arguments work . From 2 we obtain that
w lq1Ž .x Ž . lq1Ž . Ž .H G s 0 for n ) a G . This means that a G F a G . Since A isN n N
Ž . Ž .Cohen]Macaulay, we have l s depth G - depth A and therefore it now
follows from Lemma 2.5 that
al G - alq1 G F a G .Ž . Ž . Ž .N N
Ž .Together with 2 we get from this that
l lH G s H G s 0 for all n G a G .Ž . Ž . Ž .G N nq n
w i Ž .x Ž . Ž . Ž .And for i - l the H G vanish by 2 for n ) a G since depth G s l.G nq
This finishes the proof.
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4. A LOCAL a-INVARIANT FORMULA FOR THE
FORM RING
We will now see how the a-invariant formula of the previous section can
be used to prove an a-invariant formula for form rings of an ideal I in a
local ring A which only involves reduction exponents and analytic spreads
Ž .of localizations of I at finitely many prime ideals Theorem 4.5 .
Ž .Throughout this section let A, m be a local ring and let I ; A be an
Ž .ideal of positive height. We put G [ G I and denote the maximalA
homogeneous ideal of G by N.
PROPOSITION 4.1. We put
d 9 G [ max ai G N p g V I , p / m , i - l I .Ž . Ž . Ž .Ž .½ 5ŽG . pp q
Ž . Ž . Ž . Ž .If depth G G l I , then we ha¤e d G s d 9 G .
Ž . Ž . Ž .Proof. We will first show that d 9 G F d G . To see this, let n ) d G
Ž .be an integer and let p / m be a prime in V I . Then we get from the
Ž .definition of d G that
i iH G s H G s 0 for i - l I .Ž . Ž .Ž . ž /ŽG . p G pp q q nn
i Ž . Ž . Ž . Ž .This clearly means that a G Fd G for all i- l I and thus d 9 G FŽG . pp q
Ž .d G .
Ž . Ž .It remains to show that also d G F d 9 G . For this, choose now an
Ž .integer n ) d 9 G and consider again the spectral sequence
p q p q pqqE s H H G « H G .Ž . Ž .ž /2 m G N nq n p
Ž . Ž .Now, if i - l I , we get from the definition of d 9 G that
i i0 s H G s H G ,Ž .Ž . ž /ŽG . p G pp q q nn
w i Ž .x Ž wwhere H G is a finitely generated ArI-module see EGA, Prop.G nqx. Ž .2.2.2 . Since p / m was chosen to be an arbitrary prime in V I , we thus
w i Ž .xsee that H G is of finite length as an ArI-module. Thus the aboveG nq
spectral sequence degenerates showing that
i iH G s H G for i - l I . 3Ž . Ž . Ž . Ž .G N nq n
Ž . Ž . Ž .Because of our assumption depth G G l I , the module on the right in 3
Ž . i Ž . Ž .vanishes. Since we chose n ) d 9 G , this implies that a G F d 9 G forGq
Ž . Ž . Ž .all i - l I . But this means that d G F d 9 G which was to be shown.
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COROLLARY 4.2. Suppose that A is Cohen]Macaulay and that G fulfills
Ž .Serre’s condition S . Then we ha¤elŽ I .
a G s max r I y l I , a G N p g V I , p / m .Ž . Ž . Ž . Ž . 4Ž .p
i Ž . Ž .Proof. As in the proof of Theorem 3.6 we see that a G F a GŽG . p pp q
Ž . Ž .for all i g Z and p g V I . By Proposition 4.1 this means that d G F
 Ž . Ž . 4max a G N p g V I , p / m . Putting this into the formula of Theoremp
3.6 yields
a G F max r I y l I , a G N p g V I , p / m .Ž . Ž . Ž . Ž . 4Ž .p
To see that the above inequality also holds in the other direction we use
Ž . Ž . Ž . Ž . Ž .Theorem 3.6 again to see that a G G r I y l I . And a G G a Gp
Žfollows from Lemma 2.3 since the property of being quasi-unmixed passes
w x.from A to G by HIO, Cor. 18.24 .
DEFINITION 4.3. We consider G as a module over the Rees algebra
Ž .R I and putA
P [ P G [ P l A N P g Ass G . 4Ž . Ž .
We will show in Proposition 4.6 how the elements of P can be
characterized.
PROPOSITION 4.4. Suppose that A is quasi-unmixed. Then we ha¤e
a G s max a G N p g P .Ž .  4Ž .p
Proof. Choose a p g P. Again, the property of being quasi-unmixed
Ž w x.passes from A to G see HIO, Cor. 18.24 . Thus we can apply Lemma 2.3
Ž . Ž .to see that a G F a G .p
Ž .  Ž . 4 Ž .To see that a G s max a G N p g P it remains to prove that a G Fp
Ž .a G holds, too. Observe that we can complete in order to show this.p
Ž .Choose an integer n such that n - ya G for all p g P. Then we havep
w xv s 0 for all p g P. 4Ž .G p n
w xWe claim that this already implies that v s 0. This would mean by ourG n
Ž . Ž .choice of n that ya G G ya G , as wanted. So it remains to prove thep
w x Ž .claim. Suppose the contrary and choose 0 / x g v . Then ann x :G n G
 4 Ž . Ž . Ž .P j ??? j P , where P , . . . , P s Ass v : Ass G . Then ann x is1 n 1 n G G
contained in one of the P , say in P . Put p [ P l A g P. We obtaini 1 1 1
Ž .that ann x : p which impliesA r I 1
w x w x0 / x g v s v . 5Ž .Ž . pG Gn p n
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Ž .Here we used Lemma 2.1 recalling Remark 2.2. But 5 is a contradiction
Ž .to 4 and thus finishes the proof.
We are now prepared to prove the local a-invariant formula for the
form ring.
THEOREM 4.5. Let A be quasi-unmixed. Suppose that G is Cohen]p
Macaulay for all p g P. Then
a G s max r I y l I N p g P .Ž .  4Ž . Ž .p p
Proof. Actually, we will prove the following more general claim:
a G s max r I y l I N p g P such that q = p for all q g V I .Ž . 4Ž . Ž . Ž .q p p
The theorem follows from this by taking q s m.
Ž .We will prove the claim by induction on ht qrI and start with the case
Ž .that ht qrI s 0. Then I is a q A -primary ideal and G is Cohen]q q q
Macaulay by our assumptions since q g P as we will see in Proposition
Ž .4.6. Thus, the a-invariant formula of Trung see Proposition 2.6 tells us
Ž . Ž . Ž .that a G s r I y l I .q q q
Ž .Suppose now that ht qrI ) 0. Then
a G s max a G N q = p9 g P by Prop. 4.4Ž . 4Ž . Ž .q p 9
s max r I y l I , a G N q = p9 g P , p9 > q9 g V IŽ . 4Ž . Ž . Ž .p 9 p 9 q 9
by Cor. 4.2Ž .
s max r I y l I , r I y l I N q = p9 g P , p9 > p g P 4Ž . Ž . Ž . Ž .p 9 p 9 p p
by inductionŽ .
s max r I y l I N q = p g P . 4Ž . Ž .p p
This was to be shown.
We will now give a characterization of the elements of P which shows
in particular that P is the set of asymptotic primes of I in the case that A
Ž w x.is quasi-unmixed and G is unmixed see Mc, Prop. 4.1 .
Ž . Ž . Ž .PROPOSITION 4.6. Let p g Spec A . If l I s ht p , then p g P. Thep
con¤erse holds if A is quasi-unmixed and G is unmixed.
Proof. By passing to the ring A we may assume that p s m , thep
Ž .maximal ideal of A. Note that m g P is equivalent to grade m , G s 0.
Ž w x.The first claim then easily follows from the inequality of Burch see Bu
Ž . Ž . Ž .according to which l I F dim A y grade m , G .
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In order to prove the second assertion, assume that m g P, i.e., m s
Ž . Ž . Ž .P l A for some P g Ass G . Suppose that we would have l I - dim A .
Ž . Ž . Ž .Since l I s dim GrmG and G is quasi-unmixed, this implies ht mG )
Ž . Ž .0. As Ass G s Min G , it follows that mG cannot be contained in an
associated prime of G which is a contradiction to m g P.
5. TWO APPLICATIONS TO REDUCTION EXPONENTS
We will now show how our a-invariant formulas can be used to prove
new upper bounds for the reduction exponent of an ideal. For this, let A
be a local ring and let I ; A be an ideal of positive height. We put
Ž .G [ G I .A
w xOur first result extends Theorem 8.4 and Theorem 8.5 in AHT where
ideals of analytic deviation one and two in regular local rings containing a
field were considered.
THEOREM 5.1. Suppose that A is Cohen]Macaulay and that A is regularp
Ž . Ž . Ž .for all p g P. If G fulfills Serre’s condition S , then r I F l I y 1 forlŽ I . J
any minimal reduction J of I.
Proof. Choose a prime p g P and write P [ prI [ G . Since G sq P
Ž .G and PG is the maximal homogeneous ideal of G we firstp P G p pp
Ž . Ž . Ž . Ž .observe that dim G s dim G so that ht p s ht P . Note also thatp P
Ž . Ž . Ž .l I F l I . Since G fulfills Serre’s condition S we havep lŽ I .
depth G G min l I , ht P 4Ž . Ž . Ž .P
G min l I , ht pŽ . 4Ž .p
G ht p by Prop. 4.6Ž . Ž .
s ht P s dim G .Ž . Ž .P
Thus G is Cohen]Macaulay and so also G . Since A is a regular localP p p
w x Ž .ring, we know from Li, Thm. 4.5 that the Rees algebra R I isA pp
Ž . w xCohen]Macaulay, too. Thus a G - 0 by TI, Thm. 1.1 . Now we canp
Ž .apply Proposition 4.4 to see that a G - 0. And Theorem 3.6 then tells us
Ž . Ž . Ž . Ž .that r I F l I q a G F l I y 1.J
In the case that G is Gorenstein, we can say even more.
Ž .THEOREM 5.2. Let ht I G 2 and suppose that A is regular for somep 0
Ž . Ž . Ž .prime ideal p g min ArI . If G is Gorenstein, then r I F l I y 2 for0 J
any minimal reduction J of I.
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Ž . Ž .Proof. Put a [ a G . As G is Gorenstein we have v s G a . HenceG
Ž . Ž .v s G a by Lemma 2.1. But this means that a s a G . Since I isG p p pp 0 0 00
Ž . Ž .p A -primary we know from Proposition 2.6 that a s r I y dim A .0 p p p0 0 0w xTherefore we get from HHR, Thm. 2.5 that a F y2 since A is regular.p 0
Ž . Ž .Using this in the a-invariant formula of Theorem 3.6 yields r I F l I qJ
Ž .a F l I y 2.
Ž .Remark 5.3. Let A be a regular local ring and suppose that ht I G 2.
Ž .We put R [ R I . The proof of Theorem 5.2 shows that the Gorenstein-A
Ž . wness of G implies that a G F y2. We therefore obtain from HRS, Thm.
x w x2.3 and HRZ, Cor. 2.7 that if G is Cohen]Macaulay, then the following
two conditions are equivalent:
Ž .a G is Gorenstein.
Ž . Ž n.b R I is Gorenstein for some integer n ) 0.A
w x Ž . Ž . Ž .It also follows from HRS that n s ya G y 1. Moreover a G G yht I
Ž w x.whenever G is Cohen]Macaulay see e.g. Ko, Rem. 4.51 . Therefore we
Ž .see that for ideals I of ht I s 2 in regular local rings the Gorensteinness
of G is equivalent to the Gorensteinness of R.
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